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ABSTRACT 



We review briefly the thermodynamical interpretation of black hole physics and 
discuss the problems and inconsistencies in this approach. We provide an alterna- 
tive interpretation of black holes as quantum objects and investigate the statistical 
mechanics of a gas of such objects in the microcanonical ensemble. We argue that 
the theory of black holes has the conformal properties of duality and satisfaction 
of the statistical bootstrap condition. We show in the context of mean field theory 
I that the thermal vacuum is the false vacuum for a black hole and define a micro- 

canonical vacuum which leads to a number density characteristic of pure states for 
the Hawking radiation. 



1. Introduction 



m 

ON 

Nearly twenty years ago. Hawking proposed that the laws of quanturnmechanics 
^ . do not hold in the creation and subsequent evaporation of black holegil . In this 

picture, which is based on the premise that black holes can be treated as thermo- 
dynamical systemsH, black holes can radiate by the process of particles tunneling 
quantum mechanically through the horizon. The laws of quantum mechanics are vi- 
olated because the emerging radiation always has a number density function which 
is characteristic of mixed states, while the accreted radiation may have been in pure 
states!. This violates the unitarity principle. During the period since Hawking's 
original proposal, many papers have been written on the so-called information loss 
paradox which occurs in the thermodynamical interpretation of black holes * 

In a series of papera^o'Llo we have pointed some inconsistencies in the ther- 
modynamical interpretation of processes involving black holes and have offered an 
alternative description of black holes. In our description black holes are consid- 
ered to be quantum objects, specifically, extended quantum objects or p-branes. 
The main purpose of the present work is to summarize our results to date and to 
suggest possible lines of research which follow from these results. 

* To appear in the Proceedings of the 3rd Workshop on Thermal Field Theories and their Applica- 
tions, Banff, Alberta, Canada, August 15-27, 1993 
*For a review of the subject see, for example, Ref. [4] 



We begin in section 2. with a brief summary of the issues in the thermodynam- 
ical interpretation of processes involving black holes. We discuss the inconsistencies 
alluded to above in detail. In section 3. we discuss our interpretation of the WKB 
formula as the quantum tunneling probability and review our results for the statisti- 
cal mechanics of a gas of black holes. In section 4. we discuss the thermodynamical 
interpretation of black holes within the context of mean field theory and prove that 
the thermal vacuum is the false vacuum for a black hole system. In section 5. we 
present an alternative vacuum for such a system and prove that the particle number 
density for the radiated particles derived from this formulation represents a pure 
state. In the final section we discuss our conclusions and future extensions of our 
work. 



2. Thermodynamical Interpretation of Black Holes 

Bekensteini was the first to suggest that the area of a 4-dimensional black hole 
can be identified with its entropy and the surface gravity with its temperature. The 
area of a classical black hole increases when matter falls into the black hole. Thus 
as a classical black hole accretes matter, its entropy increases. 

Bardeen, Carter and HawkingEl derived a relation between the mass difference 
of neighboring equilibrium states of a black hole and the change in its area 

AM = K^A , (1) 

and showed that the temperature is related to the surface gravity by 

T=^- (2) 

By taking quantum effects into account, HawkingEl, using an operator formalism 
and Gibbons and Hawking0, using the WKB approximation, demonstrated that 
black holes can radiate. In the WKB approximation a conical singularity develops 
in the Euclidean spacetime and is removed by requiring that the imaginary time 
variable be periodic with period SvrM, M being the mass of the black hole. This 
value of the imaginary time is identified with the inverse temperature [5h- The 
partition function for the black hole is given by 

Z = Tre-^^ 

~ e-^^, (3) 

where Se is the classical Euclidean action. The Hawking entropy is given by 

Sh = (3M-Se 

= Se; {D = A). (4) 

A calculation of the canonical (inverse) temperature f3 shows that 

f3=^ = PH = 87rM . (5) 



The Hawking entropy is determined from the Euchdean spacetime metric. It is 
related to the area of the black hole by, 

= J- (6) 

For a 4-dimensional Schwarzschild black hole the radius of the horizon is r+ = 2M, 
so that 

Sh{M) = 47rM2 = . (7) 

Idtt 

This interpretation of black holes has severe problems. The first problem is 
that the canonical specific heat, an intrinsically positive quantity, turns out to be 
negative 

A second problem is that the partition function as calculated the microcanonical 
density of states 

J e'^^nndE , (9) 

where 

= e^" , (10) 

blows up for all temperatures, 

Z = / dEe-''^+''^'' ^ oo , (11) 
Jo 

indicating a breakdown of the WKB approximation and therefore the inequivalence 
of the canonical and microcanonical ensembles for black holes. A third problem is 
of a quantum mechanical nature. The radiation coming out of the black hole has 
been shown to have a Planckian distribution 

This implies a loss of coherence, because pure states may come into the black hole, 
but only mixed states come out. This is a statement of the so-called information 
loss paradox. In the thermodynamical interpretation unitarity is lost and with it 
one of the basic principles of quantum mechanics. This interpretation requires the 
abandonment of quantum mechanics and the postulation of new physical laws. The 
nature of these new laws is unknown at present. 



3. Quantum Interpretation of Black Holes 



The problems with the thermodynamical interpretation of black holes can be 
avoided by adopting a different interpretation of the WKB formula. If the WKB 
formula is interpreted to be, as is usual, the tunneling probability per unit volume 
for a particle to tunnel through the horizon of a black hole 

P oc e-^^(^) , (13) 

then the black hole can be viewed as the quantum excitation mode of a ^5f-brane. 
To see this , one notes that the quantum degeneracy of states for such an object is 
essentially the inverse of the tunneling probability 

a{M) ~ ce^^W , (14) 

where c is a constant which is determined by quantum field theoretical corrections. 

As an example we consider the Schwarzschild black hole, which in D-dimensions 
has a Euclidean metric given by 

ds'' = e^^rfr^ + e-2*rfr2 + r''dnl_^ , (15) 

where 

The Euclidean action calculated from this metric is 

S. = ^fl«rr, (17) 

with 

27r 47rr+ 



[e'^dre%=r+ D-3 
M = ^An-.r--^ , (18) 



where A£)_2 is the area of a unit D — 2 sphere. Eliminating the horizon radius r_|_ 
in favor of the mass, the Euclidean action becomes 

Se = C{D)M^^ , (19) 
where C{D) is the dimension-dependent constant 

C{D) = ^ . (20) 

(D-3)(D-2)S^A-I| 

Substituting in for Se in the quantum degeneracy of states expression we find 

a(M) ^ ce^(^)^"-''"-' . (21) 



Comparing this expression to those known for nonlocal field theoriesEl'0'0li§, we 
find that it corresponds to the degeneracy of states for an extended quantum object 
(p-brane) of dimension p = 

Returning to the thermodynamical interpretation, we find for the statistical 
mechanical density of states 



where Sh is the Hawking entropy 

Sh = PhM - (3hF{Ph) = PhM - Se . 
In D-dimensions we find from Eq.(18) and Eq.(19) that the entropy is 

Sh = {D- 3)Se{M) , 
giving for the density of states 

The partition function obtained from this density of states is 

dEe-"'' e^D-3)CiD)E^^ 



(22) 
(23) 
(24) 
(25) 

(26) 



oo for D > 4 , 



illustrating for D-dimensional black holes the earlier results for 4-dimensional black 
holes. The statistical mechanics of black holes must therefore be studied in the 
more fundamental micro canonical ensemble. 

Within the context of our interpretation of black holes as quantum objects we 
have considered a gas of such objects. The micro canonical ensemble in 4 dimensions 
is determined by the micro canonical densities 



(27) 
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where aBni^i) is given by Eq.(21) and mo is the mass of an extreme black hole 
(mo = for Schwarzschild black holes). At high energy E, 



cV 



47r[E-(n-l)mo]%47r(n-l)m2 



W. 



(29) 



Fig. 1. The equilibrium configuration of N black holes (upper right) is one massive black hole 
(circled cross) and A'^ — 1 massless black holes. By the bootstrap property, the gas provides a 
statistical model for a single quantum black hole. 



The most probable equilibrium configuration is determined from the condition 



dn 



n=N{E,V) 



. 



(30) 



The equilibrium state found from this condition is very inhomogeneous. For 
black holes there are one massive and N — 1 massless black holes in the gas (Fig.l). 
The entropy for such a gas can be approximated by 



S{E, V) 



\nQ{E, V) c^lnQN{E,V) 
cV 1 

-\nV{N + 1) + Sh{E) , 



~ A^ln 



{2n) 



where Sh{E) is the Hawking entropy. The microcanonical temperature is 

dSn 



dS_ 
^ dE 



dE 



87rE 



(31) 



(32) 



From this expression we see that the microcanonical temperature is the same as 
the Hawking temperature of the most massive black hole in the ensemble. The 
microcanonical specific heat turns out to be negative 



Cv = -0- 



,dE 
'dp 



Stt 



(33) 



This does not create a problem, however, because the microcanonical specific heat is 
allowed in principle to be negative. Our statistical analysis of a gas of Schwarzschild 
black holes has revealed that it obeys the statistical bootstrap condition 



Such a property is also pictured in Fig. 1. Also we have showni that black hole 
scattering amplitudes are dual in the sense that the number of open channels grows 
in parallel with the degeneracy of states as the energy is increased. These two 
properties are evidence of the conformal nature of black holes as quantum objects. 

4. Mean Field Theory 

In addition to the WKB approximation there is another semiclassical approx- 
imation which can be used to study the properties of black holes. In the mean 
field approximation fields are quantized on a classical black hole background. Since 
black holes have a horizon which causally separates two regions of space, we must 
double the number of degrees of freedom. Two Fock spaces are required. This dou- 
bling of the number of degrees of freedom bears a strong resemblance to thermofield 
dynamics (TFD)lli. 

If we look at the mean field theory, we find that the vacuum for quantum fields 
scattered off of black holes can be written as 

oo 

I owt;0 >= — — -^e-^«'^/2 I ^ > ^ I ^ > , (35) 

where 

oo 

Z=J2 e"^"^ , (36) 

n=0 

and the | n > states provide a basis set for the sector causally disconnected from 
the observer. Physical operators are defined on the basis set for the states | n > 
outside the horizon. The expectation value of a physically observable operator O 
in the out region is given as, 

< out; I O I out; >= ^ e""'^'^ <n\0\n> , (37) 

Z{P) n 

which corresponds to a canonical raisemble average. As before the temperature is 
determined by the surface gravityE^ 

P= — = f3H. (38) 



If the operator O is chosen to be the number operator 

O = alttk , (39) 
then the expression in Eq.(37) is the number density 

Mm; Ph) = ^^^J^^ _ ^ . (40) 

If black holes are described by a local field theory, this expression presents a problem 
because it implies loss of coherence. The in state is a pure state 

I m;0 >=| >(g) I > , (41) 

but the number density obtained from the outgoing states is a thermal distribution. 

If black holes are interpreted as quantum excitations of a p-brane, non-local 
effects must be taken into account. To take account of all possible mass states, we 
must sum over the mass 

rikif^n) = dm a{m)nk{m-, 13h) ■ (42) 

The thermal vacuum must now be modified to include contributions from all possible 
mass states, 

1 oo 

' ° WW) [n 51 ] n e-'3"'=-'^'^--/2 I ^^^^ > ^ I > ^ (43) 



in which the momentum states are shown explicitly. The quantity in square brackets 
represents the product of sums over the discrete values of the momentum and mass. 
Changing from discrete to continuous values of the momentum and mass, we find 
for the canonical partition function 

Z(/?) = exp(— — — / d^-^k / dm a{m) ln[l - g-'^H^^^'")]) . (44) 
^ (27r)^ ^ J-oo Jo ^ 

This expression can be equated to the definition of the partition function to obtain 
Hagedorn's self-consistency conditioned for a system of particles in thermo dynamical 
equilibrium 

X j dm a{m) ln[l - e-^^'^*^™)]) . (45) 

The only objects which satisfy the self- consistency condition are stringSilil 

a(m) ~ e'"" (m oo) , (46) 



for I3h > b = Hagedorn's inverse temperature. Black holes do not satisfy Hage- 
dorn's condition because 



asHim) ~ e^(^)-^-^^"-^ , (47) 

so that the exponent of m is always greater than 1 (unless D = oo). The black hole 
system is not in thermal equilibrium because it is not a self-consistent solution under 
the assumption of thermal equilibrium. We conclude therefore that the thermal 
vacuum is the false vacuum for the black hole system. 

5. Microcanonical Formulation 

To determine the true vacuum for a black hole system we begin by writing the 
thermal vacuum in terms of the density matrix p 

\OiP)>=p'/\P,U)\^>, (48) 

for the case of thermal equilibrium, where 

^^^'^^ - <Q\pW,H)\-s>' 
p(/3,H) = e-^H, 

oo 

I ^ > = [n E ] n I ^k,m > ® I nk,m > ■ (49) 
fc,m nfc,m=0 k,m 

The power of | on the density matrix p is somewhat arbitrary as will be discussed 
below. 

Observable quantities are obtained by evaluating TiO where O represents any 
observable operator 

TrC =< $5 I C I $5 > . (50) 
In particular we consider the free field propagator, which is defined by the relation 
A^^^„(a:i,X2) = -2 < 53 I Tp'-^r{xi)<P\x2)p" \Q>, (51) 
where the 0"'s are the so-called thermal doublets 

n^) = { IS ) . (52) 



and a is a parameter which can be chosen between and 1. In writing Eq.(51) i 
has been made of the invariance of the trace under cyclic rotation of the operators 
The Fourier transform of the propagator in Eq.(51) is 



24 



where T3 is the Pauh matrix 



In order to determine the true vacuum for this system it wiU be convenient to 
choose a = 1. In this case the thermal vacuum is given by 

|/3>=p(/3;H) \ ^> . (55) 

We can now formally define the microcanonical vacuum | ii^ > by the expression 

I /3 / e-^^ \E>dE . (56) 
Jo 

The microcanonical analysis of the previous sections strongly suggests these con- 
siderations. In this basis physical correlation functions are expressed as 

G^i-"^(1,2,...,A^) =< $5 I T0"i(l),...,0"~(A^) \ E> , (57) 

The normalization for the microcanonical vacuum can be determined from the 
the fact that the thermal vacuum normalization is given by, 

< a I /3 >= 1 . (58) 

Thus according to the definition of | £^ > we must have 

<^\E>= 6{E) . (59) 

An explicit form for the microcanonical vacuum can be formally obtained from the 
expression for the thermal vacuum with a = 1, Eq.(55), by an inverse Laplace 
transform. Using the fact that the partition function obeys the relation 

POO 

Z^\p, V)^ dE e-^^niE, ±V) , (60) 
Jo 

and the density matrix obeys the relation 

p(AH)= r dEe-P'^p^E.YL), (61) 
Jo 

where the microcanonical density matrix is given by 

;9(£,H) = 5(£-H), (62) 
the microcanonical vacuum | > is found to be 

\E>=Vt{E-ll,-V)\^> , (63) 



with 



°° / V N n 1 r " /"O^ 
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D-l 



5/2, ...J In 



-6{E - ^/iWfc^(mi)) 



i=l 



(64) 



In this expression a{mi) is the black hole degeneracy of states and iOk{m) = ^/k^ + m?. 
The first term in Eq.(64) comes from the vacuum sector (i? = 0). If i? > 0, then 
only the second term contributes. We can define a normalized vacuum as 



O(^) >= 



I E > 

w 



so that 



< $5 I O(^) >= 1 , {E = 0) . 



(65) 



(66) 



The set of equations (57, 59, 63, 64, and 65) defines our quantum theory of fields 
in black hole spacetimes. Interaction effects have been negelected up to this point, 
but they can be taken into account by means of the microcanonical propagator. 
Using the expression for the 2-point function 



GT'{xi,X2) =< Q I Tr'{xi)r'{x2) I O(^) > , 
and Eq.(66), we can obtain the microcanonical propagator 

1 / rs6{E) 



(67) 



5(0)U2 + m2 



+ 2TTi5{k^ + 



00 

[^5{E-l\k,\) 
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1 



(68) 



Of course only the (1, l)-component Ay, is physically observable, and this compo- 



nent is essentially Weldon's propagatoitil. 

We can now obtain the particle number density for Hawking radiation for this 
theory . From Eq(68) we see that 



E 

I 



S{E — lujkijn)) 

W) 



(69) 



The question is: Does this describe a pure state? To answer this question we note 
that a necessary and sufficient condition for a density matrix to describe a pure 
state is the idempotency condition 



/ dE PeiE'Pe'E2 = PE1E2 ■ 
Jo 



(70) 



In this case 



PEiE2{E) 



5{E - Ei)S{Ei - E2) 

W) 



(71) 



where 



p{E,n) 



S{E - H) 

m 



(72) 



and 



dEpEE = 1 



(73) 



Substitution of the expression for PeiE2{E) iiito the idempotency condition shows 
that this condition is satisfied. 

6. Conclusions 

The foregoing analysis clearly shows that for semiclassical quantization of fields 
in black hole backgrounds the microcanonical {\ E >) vacuum is the proper choice, 
not the thermal vacuum {\ (3 >). A fixed energy basis for the Hilbert space of the 
theory should be used instead of the usual thermal state. Black hole states are 
therefore particle states. 

Our analysis also made use of the fact that quantum gravity must be treated as 
a nonlocal quantum field theory. In our interpretation of black holes as quantum 
objects the quantum degeneracy of states points to black holes as the excitation 
modes of p-branes, with p = The self-consistent treatment of black holes as 

quantum extended objects implies that black holes are elementary particles. 

One interesting extension of the quantum theory of fields in black hole spactimes 
given above would be to work out the path integral formulation of field quantization 
in the fixed energy basis. A further extension is the application of this formalism to 
string theory. We are also interested in extracting predictions of measurable effects 
using the thermodoublet formalism of black holes. 
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